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In this paper we give a very weak axiom for the "length of a pro- 
gram," Q(z). Without assuming that Q(z) is partial reeursive, we 
then prove a rather surprising result: that for some integer m, there 
is a finite repertoire of programs which contains the shortest pro- 
grams for a set of characteristic functions whose domains are of 
cardinality m, but which is such that the problem ofpassing from a 
table for one of these characteristic functions to its shortest program 
in the repertoire is unsolvable. 
The question of program size has attracted some interest. Bhim (1967) 
considers the relationship between program size and speed of computa- 
tion. Chaintin (1966) produces bounds on the size of the shortest pro- 
grams that will generate sequences of a given length. Rado (1966) shows 
that it is not effectively possible to determine, for any n, the largest 
number one could program an n-instruction program to generate. We 
are concerned with a converse problem: finding the shortest program for 
a table. By a table we mean a finite set of input-output pairs 
{ (x~, y~)l l  <= i <= n;x~ = x~---->i = J l .  
Two surprising features of the result we prove are: 
(1) the selection of shortest programs for the set of tables thatwe 
consider proves impossible ven though it consists in each case 
of picking out a program from the same finite repertoire; 
(2) the theorem holds for any definition of the length of a program 
which is such that only a finite number of programs have a 
given length. In  particular, one does not even need to assume 
that the length functon is effectively computable. 
Some examples of noncomputable ngth functions (applied to a given 
program Z) are: 
(a) the sequence number of the first program (in some ordering of 
the programs) which is equivalent to Z; 
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(b) the sequence number of the first table of the form 
{ (xl, z (zl)), (x2, z (x2)), . . . ,  z 
which occurs in some ordering of the set of all tables. Here Z (x) is the 
output of program Z with input x. 
In these and other nonrecursive examples of the length function, it is 
conceivable that some indirect means might exist for finding the short- 
est program for a table even if we are not in all cases able to evaluate 
the length of any given program. 
We assume some syntactical system for representing algorithms to 
which a system of GSdel numbering is applicable. We shall call the 
syntactical representations programs, denote them by upper case letters, 
and denote their GSdel numbers by the corresponding lower case 
letters. 
By the length of a program we mean some numerical attribute of pro- 
grams Q (z) with the property that 
for any k, the number of programs X such that Q (x) < k, is finite. 
Q (z) could well be some measure on the amount of 'storage space' the 
program occupies, as for example, the number of symbols Z contains. 1 
I t  is not hard to see how measures of this kind may be applied to the 
algorithmic systems associated with Turing machines, actual computers, 
Kleene systems of equations (Kleene, 1952), the U.R.M.'s of Shepherd- 
son and Sturgis (1963) etc. 
By a table we mean a finite set of entries 
{(z l ,y l ) l l  --- i_< n,x~ = x~--~i = j} ,  
and a program Z for a table is one such that 
Z(x~) = yl for 1 -< i -  n. 
We consider in particular tables for characteristic functions of finite 
cardinality, called decision tables. Such tables consist of entries of the 
fo rm 
(x~,t~) where t i i s0or l .  
We call such entries specifications. 
1 By symbol we mean elementary symbol. Thus the compound 'symbol '  ql~ of 
Turing machines would be regarded as made up of three such symbols. 
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THEOREM. There is a finite repertoire of programs which contains the 
shortest programs for a set of decision tables of the same (finite) length, 
which is such that the problem of passing from one of these tables to its 
shortest program in the repertoire is unsolvable. 
We prove the theorem by showing: There is a particular finite decision 
table M such that the problem of finding the shortest program for ho aug- 
mented by a single additional specification is not uniformly solvable. 
Note that in each case one would be selecting a program from the 
same finite repertoire, U, namely from the programs with length 
__< max (e(z0),  e (z l ) ) ,  
where Z0, Z1 are any pair of programs for ~0 such that Z0 (x) = 0 and 
Zl(x) --- 1 for x $ domain M. 
Proof. 
DEFINrTION (Rogers): Two disjoint r.e. sets G1 and G~ are strongly 
inseparable iff 
i) G~ [J G2 is infinite, 
and 
it) [A r.e. and A N G~ [J Gs infinite] 
--~ [(A NG~) ~ ~ and (ANG2) ~1.  
Let G1 and Gs be strongly inseparable sets, and let f(x) be the partial 
recursive function 
{~ if xCGI  
f(x) = if xE Gs. 
Any partial recursive xtension F (x) of f (x) is defined over oniy a finite 
number of addition&l arguments. This is so, because one can divide the 
domain of F (x) into two recursively enumerable disjoint sets K~, Ks, 
viz: K1 = {xlF(x)  = 01 
and Ks = { x I f (x) ~ 0}, 
such that G1 ~ K1, Gs _C Ks. K1 - G~ and Ks - Gs are then finite, and 
hence so is 
(K1 - Vl) + (Ks - as)  
i.e. (K, + Ks) - (G1 + Gs), 
which in fact is domain of F (z) -- domain of f (x). 
Let H be the finite set of programs of those which calculate f (x) over 
its domain whose Q-measure is least, and let/~ be the value of Q for 
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members of H. If Z C H, then Z (x) is all extension of f (~). Let V be 
the (finite) union of all the finite sets domain of Z(x)  - domain of 
f (x), where Z C H. 
If Z is any program which does not calculate/(x) over its domain then 
there exists x in the domain of f (x)  such that Z (x) is either undefined 
or # ] (x). Let x~ be the minimum such value of x corresponding to 
Z, and let S be the finite set 
S = {x,] all z such that Q(z )< k}. 
Denote the set of specifications { (x, f (x ) )  I x E S} by X0. If t $ V, we 
then have 
t C domain of f (x) 
~-+ the shortest program for ~,0 augmented by (t, 0), or the shortest 
program for },0 augmented by (t, 1), is a member of H. 
If there were a uniform means of finding the shortest program for X0 
augmented by a single additional specification then, since V is finite, the 
relation displayed above would imply that there was a means of recur- 
sively enumerating 
{t l t~ V and t~ domainof f(x)} 
i.e. {t[t~ G1UG2-  V} 
But as V is finite this would contradict the properties of strong insep- 
arability. The theorem follows. 
We have in fact proved a result somewhat stronger than that stated 
in the theorem: U is a finite set of programs, of which H is a subset. Let 
be the rccursive set oj decision tables which consist of ko augmented by an 
additional specification. Then the shortest program for each ~nember of ~ is 
in U, but we cannot effectively decide whether it is in H or U-H. 
Assume that there is an effective many-one mapping which relates 
programs Z to eqnivMent programs Z* with the same number of instruc- 
tions in such a way that the number of programs Z* with a given number 
of instructions is a finite one? One can then obtain a version of the 
2 For example, by altering references to large storage register numbers in 
actual computers or U.R.M.'s to unused smaller ones, or by replacing the com- 
pound symbols qj and Si in the quadruples of Turing machines by ones with 
unused smaller subscripts. 
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theorem in which the reference to "shortest programs" is replaced by 
one to "programs with the least number of instructions." 
A similar result holds with regard to Shannon's measure on the size 
of a Turing machine, the no. of states × the no. of tape symbols (Shannon 
1956). 
If, on the other hand, we consider the weaker case where: 
(1) the set of shortest programs for the tables considered is an 
infinite one 
(2) the length function is effectively calculable, 
then one can make use of the Recursion theorem to prove: I f  (1) and 
(2) are true, and if the set of tables considered is recursively enumerable, 
then it is not effectively possible to find their shortest programs. 
ACKNOWLEDGMENT 
The author is indepted to Paul Young, J. P. Cleave and to the referee for ad- 
vice and criticism. 
RECEIVED: October 22, 1968; revised 5anuary 21, 1969 
REFERENCES 
BL~,  M. (1967). On the size of machines. Inform. and Control 11,257-265. 
CgAINTIN, G. T. (1966). On the length of programs for computing finite binary 
sequences. J ACM 13,547-569. 
KLE~NE, S. C. (1952). "Introduction to Metamathematics." Van Nostrand, 
New York. 
R~DO, T. (1966). On noncomputable functions. Bell Sys. Tech. J. 877-884. 
SHANNON, C. E. (1956). A universal Turing machine with two internal states, 
in "Automata Studies," Princeton University Press, Princeton, New Jersey. 
SHEP~ERDSON, J. C. AND STURGIS, H. E. (1963). Computability of recursive 
functions. J ACM 10, 217-225. 
YOITN~, P. R. (1968). Towards a theory of enumerations. IEEE Conference 
Record, Symposium on Switching and Automata Theory, pp. 334-350. 
